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ON THE ZEROS OF CERTAIN MODULAR FUNCTIONS FOR
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Abstract. We research the location of the zeros of the Eisenstein series and the modular
functions from the Hecke type Faber polynomials associated with the normalizers of
congruence subgroups which are of genus zero and of level at most twelve.
In Part II, we will observe the location of the zeros of the above functions by numerical
calculation.
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Introduction
The motive of this research is to decide the location of the zeros of modular functions. The Eisenstein
series and the Hecke type Faber polynomials are the most interesting and important modular forms.
F. K. C. Rankin and H. P. F. Swinnerton-Dyer considered the problem of locating the zeros of the
Eisenstein series Ek(z) in the standard fundamental domain F (See [RSD]). They proved that all of the
zeros of Ek(z) in F lie on the unit circle. They also stated towards the end of their study that “This
method can equally well be applied to Eisenstein series associated with subgroups of the modular group.”
However, it seems unclear how widely this claim holds.
Subsequently, T. Miezaki, H. Nozaki, and the present author considered the same problem for the Fricke
group Γ∗0(p) (see [Kr], [Q]), and proved that all of the zeros of the Eisenstein series E
∗
k,p(z) in a certain
fundamental domain lie on a circle whose radius is equal to 1/
√
p, p = 2, 3 (see [MNS]). Furthermore,
we also proved that almost all the zeros of the Eisenstein series in a certain fundamental domain lie on
circles whose radius are equal to 1/
√
p or 1/(2
√
p), p = 5, 7 (see [SJ2]).
Let Γ be a discrete subgroup of SL2(R), and let h be the width of Γ, then we define
(1) F0,Γ :=
{
z ∈ H ; −h/2 < Re(z) < h/2 , |cz + d| > 1 for ∀γ = ( a bc d
) ∈ Γ s.t. c 6= 0} .
We have a fundamental domain FΓ such that F0,Γ ⊂ FΓ ⊂ F0,Γ. Let FΓ be such a fundamental domain.
For the modular group SL2(Z) and the Fricke groups Γ
∗
0(p) (p = 2, 3), all the zeros of the Eisenstein
series for the cusp ∞ lie on the arcs on the boundary of their certain fundamental domains.
H. Hahn considered that the location of the zeros of the Eisenstein series for the cusp ∞ for every
genus zero Fucksian group Γ of the first kind with ∞ as a cusp which satisfies that its hauptmodul JΓ
takes real value on ∂FΓ, and proved that almost all the zeros of the Eisenstein series for the cusp ∞ for
Γ lie on ∂FΓ under some more assumption (see [H]).
Also, T. Asai, M. Kaneko, and H. Ninomiya considered the problem of locating the zeros of modular
functions Fm(z) for SL2(Z) which correspond to the Hecke type Faber polynomial Pm, that is, Fm(z) =
Pm(J(z)) (See [AKN]). They proved that all of the zeros of Fm(z) in F lie on the unit circle for eachm > 1.
After that, E. Bannai, K. Kojima, and T. Miezaki considered the same problem for the normalizers of
congruence subgroups which correspond the conjugacy classes of the Monster group (See [BKM]). They
observed the location of the zeros by numerical calculation, then almost all of the zeros of the modular
functions from Hecke type Faber polynomial lie on the lower arcs when the group satisfy the same
assumption of the theorem of H. Hahn. In particular, T. Miezaki proved that all of the zeros of the
modular functions from the Hecke type Faber polynomials for the Fricke group Γ∗0(2) lie on the lower
arcs of its fundamental domain in their paper.
Now, we have the following conjectures:
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Conjecture 1. Let Γ be a genus zero Fucksian group of the first kind with ∞ as a cusp. If the hauptmodul
JΓ takes real value on ∂FΓ, all of the zeros of the Eisenstein series for the cusp ∞ for Γ in FΓ lie on the
arcs
∂FΓ \ {z ∈ H ; Re(z) = ±h/2}.
Conjecture 2. Let Γ be a genus zero Fucksian group of the first kind with ∞ as a cusp. If the hauptmodul
JΓ takes real value on ∂FΓ, all but at most ch(Γ) of the zeros of modular function from the Hecke type
Faber polynomial of degree m for Γ in FΓ lie on the arcs
∂FΓ \ {z ∈ H ; Re(z) = ±h/2}
for all but finite number of m and for the constant number ch(Γ) which does not depend on m.
In this paper, we will observe the location of the zeros of the Eisenstein series and the modular func-
tions from Hecke type Faber polynomials for the normalizers of congruence subgroups, as a first step of
a challenge for the above conjectures.
The normalizers of congruence subgroups of level at most 12 which satisfies the assumption of above
conjectures are
SL2(Z), Γ
∗
0(2), Γ0(2), Γ
∗
0(3), Γ0(3), Γ
∗
0(4), Γ0(4), Γ
∗
0(5), Γ0(6)+, Γ
∗
0(6), Γ0(6) + 3, Γ0(6),
Γ∗0(7), Γ
∗
0(8), Γ0(8), Γ
∗
0(9), Γ0(10)+, Γ
∗
0(10), Γ0(10) + 5, Γ0(12)+, Γ
∗
0(12),
Γ0(12) + 4, and Γ0(12).
For the Conjecture 1, SL2(Z), Γ
∗
0(2), and Γ
∗
0(3) verify Conjecture 1. For the other cases, we can prove
by numerical calculation for the Eisenstein series of weight k 6 500.
For the Conjecture 2, SL2(Z) and Γ
∗
0(2) verify Conjecture 2 for every degreem, where we have ch(Γ) = 0
for each case. Furthermore, for Γ0(2), Γ
∗
0(3), Γ0(3), Γ
∗
0(4), Γ0(4), Γ0(6)+, Γ0(6) + 3, Γ0(6), Γ0(8), Γ
∗
0(9),
Γ0(10)+, Γ0(10) + 5, Γ0(12)+, Γ0(12) + 4, and Γ0(12), we can prove all of the zeros of the modular
function from the Hecke type Faber polynomial of every degee m 6 200 in each fundamental domain lie
on the lower arcs by numerical calculation.
On the other hand, for Γ∗0(5) and Γ
∗
0(7), we can prove by numerical calculation for the modular function
from the Hecke type Faber polynomial of every degee m = 1 and 3 6 m 6 200, where we have ch(Γ) = 0
for each case. When m = 2, there is just one zero which is on the boundary of its fundamental domain
but not on the lower arcs for the each group.
For Γ∗0(6) and Γ
∗
0(8), we can prove by numerical calculation for the modular function from the Hecke
type Faber polynomial of every degee m 6 200 which satisfy m 6≡ 0 (mod 2) and m 6≡ 2 (mod 4),
respectively. For the remaining degrees, there is just one zero which is on the boundary of its fundamental
domain but not on the lower arcs for the each group, that is, ch(Γ) = 1.
Finally, for Γ∗0(10) and Γ
∗
0(12), we have just two zeros which are not on the boundary of each funda-
mental domain for degrees m = 7, 9, 11 and m = 3, 6, 12, 13, 15, respectively. Furthermore, there is just
one zero which is on the boundary of its fundamental domain but not on the lower arcs for the case m ≡ 0
(mod 2) and m ≡ 2, 4 (mod 6), respectively. For the other cases, we can prove that all of the zeros are
on the lower arcs of each fundamental domain by numerical calculation.
Γ Eisenstein series (k 6 500) Hecke type Faber polynomial (m 6 200)
SL2(Z), Γ
∗
0(2), Γ0(2), Γ
∗
0(3), Γ0(3),
Γ∗0(4), Γ0(4), Γ0(6)+, Γ0(6) + 3,
Γ0(6), Γ0(8), Γ
∗
0(9), Γ0(10)+, Γ0(10) + 5,
Γ0(12)+, Γ0(12) + 4, Γ0(12).
©
©
Γ∗0(5), Γ
∗
0(7) m = 2, 〈1〉
Γ∗0(6) m : even, 〈1〉
Γ∗0(8) m ≡ 0 (mod 4), 〈1〉
Γ∗0(10) m = 7, 9, 11, [2], m : even, 〈1〉
Γ∗0(12) m = 3, 6, 12, 13, 15, [2] m ≡ 2, 4 (mod 6), 〈1〉
‘©’: all of the zeros lie on lower arcs.
〈 · 〉: the number of zeros which are on ∂F but not on lower arcs.
[ · ] : the number of zeros which are not on ∂F .
Table 1. Result by numerical calculation
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If the hauptmodul JΓ does not take real value on ∂FΓ (cf. Figure 1), it seems to be not similar. Such
cases are followings;
Γ0(5), Γ0(6) + 2, Γ0(7), Γ0(9), Γ0(10) + 2, Γ0(10), Γ
∗
0(11), and Γ0(12) + 3.
Lower arcs of ∂F6+2
-8 -6 -4 -2
-6
-4
-2
2
4
6
Figure 1. Image by J6+2 (Γ0(6) + 2)
For Γ0(5), Γ0(6) + 2, Γ0(7), Γ0(10) + 2, Γ0(10), and Γ
∗
0(11), we can observe that the zeros of the
Eisenstein series for cusp ∞ do not lie on the lower arcs of their fundamental domains by numerical
calculation. However, when the weight of Eisenstein series increases, then the location of the zeros seems
to approach to lower arcs. (See Figure 2)
The zeros of E∞k,6+2
for 4 6 k 6 40
-8 -6 -4 -2
-6
-4
-2
2
4
6
The zeros of E∞1000,6+2
-8 -6 -4 -2
-6
-4
-2
2
4
6
Figure 2. Image by J6+2 (Γ0(6) + 2)
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Also, for the zeros of the modular functions from the Hecke type Faber polynomials, we can observe
that there are some zeros which do not lie on the lower arcs of their fundamental domains by numerical
calculation. Furthermore, when the degree m increases, then the location of the zeros seems to approach
to lower arcs. (See Figure 3)
The zeros of Fm,6+2
for 1 6 m 6 40
-8 -6 -4 -2
-6
-4
-2
2
4
6
The zeros of F200,6+2
-8 -6 -4 -2
-6
-4
-2
2
4
6
Figure 3. Image by J6+2 (Γ0(6) + 2)
On the other hand, Γ0(9) and Γ0(12) + 3 seem to show the special cases. We can prove that all of the
zeros of the Eisenstein series of weight k 6 500 lie on the lower arcs of their fundamental domains by
numerical calculation. Also, we can prove that all of the zeros of the modular function from the Hecke
type Faber polynomial of degee m 6 200 lie on the lower arcs by numerical calculation. On the other
hand, they do not satisfy the assumption of Conjecture 1 and 2. However, the image of lower arcs by its
hauptmodul draw a interesting figure. (Figure 4)
ON THE ZEROS OF CERTAIN MODULAR FUNCTIONS FOR THE NORMALIZERS OF CONGRUENCE SUBGROUPS5
Γ0(9)
-6 -5 -4 -3 -2 -1 1
-3
-2
-1
1
2
3
Γ0(12) + 3
-4 -3 -2 -1
-4
-2
2
4
Figure 4. Image of the lower arcs of the fundamental domains by hauptmoduls
We refer to [MNS], [SJ1], and [SJ2] for some groups. However, note that definitions in this paper are
sometimes different from that in it.
In ‘Part I’, we will consider the general theory of modular functions for the normalizers of the congru-
ence subgroups Γ0(N) of level N 6 12. And in ‘Part II’, we will observe the location of the zeros of the
Eisenstein series and the the modular functions from Hecke type Faber polynomials for the normalizers
in Part I by numerical calculation.
6 On the zeros of Eisenstein Series for the normalizers of congruence subgroups
1. Level 1
1.1. SL2(Z). We have SL2(Z) = 〈( 1 10 1 ) ,
(
0 −1
1 0
)〉.
Location of the zeros of the Eisenstein series. F. K. C. Rankin and H. P. F. Swinnerton-Dyer
proved that all of the zeros of Ek lie on the lower arcs of ∂F. (See [RSD])
-1 - 1
2
0 1
2
1
1
Figure 5. Location of the zeros of the Eisenstein series
Location of the zeros of Hecke type Faber Polynomial. T. Asai, M. Kaneko, and H. Ninomiya
proved that all of the zeros of Fm lie on the lower arcs of ∂F. (See [AKN])
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2. Level 2
We have Γ0(2)+ = Γ
∗
0(2) and Γ0(2)− = Γ0(2). We have W2 =
(
0 −1/√2√
2 0
)
,
2.1. Γ∗0(2). We have Γ
∗
0(2) = 〈( 1 10 1 ) , W2〉.
Location of the zeros of the Eisenstein series. T. Miezaki, H. Nozaki, and the present author proved
that all of the zeros of Ek,2+ lie on the lower arcs of ∂F2+. (See [MNS])
-1 - 1
2
-
1
2
0 1
2
1
2
1
1
2
1
Figure 6. Location of the zeros of the Eisenstein series
Location of the zeros of Hecke type Faber Polynomial. T. Miezaki proved that all of the zeros of
Fm,2+ lie on the lower arcs of ∂F2+. (See [BKM])
2.2. Γ0(2). We have Γ0(2) = 〈( 1 10 1 ) , ( 1 02 1 )〉 and γ0 = W2.
Location of the zeros of the Eisenstein series. Since W−12 Γ0(2)W2 = Γ0(2), we have
(2) E0k,2(W2z) = (
√
2z)kE∞k,2(z).
Furthermore, we have
E0k,2(−1/2 + i/(2 tan θ/2)) = ((eiθ − 1)/
√
2)kE∞k,2((e
iθ − 1)/2).
Then, if we have the zeros of E∞k,2 in the lower arcs of ∂F2, then we have the zeros of E
0
k,2 in {z ; Re(z) =
−1/2}. (See the below figure)
For k 6 1000, we can prove that all of the zeros of E∞k,2 lie on the lower arcs of ∂F2 by numerical
calculation.
E∞k,2 -1 -
1
2
0 1
2
1
1
2
1
E0k,2
-1 - 1
2
0 1
2
1
1
2
1
Figure 7. Location of the zeros of the Eisenstein series
Location of the zeros of Hecke type Faber Polynomial. For m 6 200, we can prove that all of the
zeros of Fm,2 lie on the lower arcs of ∂F2 by numerical calculation.
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3. Level 3
We have Γ0(3)+ = Γ
∗
0(3) and Γ0(3)− = Γ0(3). We have W3 =
(
0 −1/√3√
3 0
)
.
3.1. Γ∗0(3). We have Γ
∗
0(3) = 〈( 1 10 1 ) , W3〉.
Location of the zeros of the Eisenstein series. T. Miezaki, H. Nozaki, and the present author proved
that all of the zeros of Ek,3+ lie on the lower arcs of ∂F3+.
-1 - 1
2
0 1
2
1
1
3
1
Figure 8. Location of the zeros of the Eisenstein series
Location of the zeros of Hecke type Faber Polynomial. For m 6 200, we can prove that all of the
zeros of Fm,3+ lie on the lower arcs of ∂F3+ by numerical calculation.
3.2. Γ0(3). We have Γ0(3) = 〈( 1 10 1 ) , − ( 1 03 1 )〉 and γ0 =W3.
Location of the zeros of the Eisenstein series. Since W−13 Γ0(3)W3 = Γ0(3), we have
(3) E0k,3(W3z) = (
√
3z)kE∞k,3(z).
Furthermore, we have
E0k,3(−1/2 + i/(2 tan θ/2)) = ((eiθ − 1)/
√
3)kE∞k,3((e
iθ − 1)/3).
For k 6 1000, we can prove that all of the zeros of E∞k,3 lie on the lower arcs of ∂F3 by numerical
calculation.
E∞k,3 -1 -
2
3
-
1
2
-
1
3
0 1
3
1
2
2
3
1
1
2 3
1
E0k,3
-1 - 2
3
-
1
2
-
1
3
0 1
3
1
2
2
3
1
1
2 3
1
Figure 9. Location of the zeros of the Eisenstein series
Location of the zeros of Hecke type Faber Polynomial. For m 6 200, we can prove that all of the
zeros of Fm,3 lie on the lower arcs of ∂F3 by numerical calculation.
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4. Level 4
We have Γ0(4)+ = Γ0(4) + 4 = Γ
∗
0(4) and Γ0(4)− = Γ0(4). We have W4 =
(
0 −1/2
2 0
)
and define
W4−,2 =
(−1 −1
2 1
)
and W4+,2 =
(
−1/√2 −3/(2√2)√
2 1/
√
2
)
.
4.1. Γ∗0(4). We have Γ
∗
0(4) = T
−1
1/2 Γ0(2) T1/2 and Γ
∗
0(4) = 〈( 1 10 1 ) , W4〉.
Location of the zeros of the Eisenstein series. Since (W4+,2)
−1Γ∗0(4)W4+,2 = Γ
∗
0(4), we have
(4) E
−1/2
k,4+4(γ−1/2z) = (
√
2z + 1/
√
2)kE∞k,4+4(z).
Furthermore, we have
E
−1/2
k,4+4(i tan(θ/2)/2) = ((e
iθ + 1)/
√
2)kE∞k,4+4(e
iθ/2).
Now, recall that Γ∗0(4) = T
−1
1/2 Γ0(2) T1/2. Then, for k 6 1000, since we can prove that all of the zeros
of E∞k,2 lie on the lower arcs of ∂F2 by numerical calculation, we have all of the zeros of E
∞
k,4+4 in the
lower arcs of ∂F4+4.
E∞k,4+4 -
1
2
0 1
2
1
2
E
−1/2
k,4+4
-
1
2
0 1
2
1
2
Figure 10. Location of the zeros of the Eisenstein series
Location of the zeros of Hecke type Faber Polynomial. For m 6 200, we can prove that all of the
zeros of Fm,4+4 lie on the lower arcs of ∂F4+4 by numerical calculation.
4.2. Γ0(4). We have Γ0(4) = V
−1
2 Γ(2)V2 and Γ0(4) = 〈−I, ( 1 10 1 ) , ( 1 04 1 )〉. Furthermore, we have γ0 =W4
and γ−1/2 =W4−,2.
Location of the zeros of the Eisenstein series. Since W−14 Γ0(4)W4 = γ
−1
−1/2Γ0(4)γ−1/2 = Γ0(4), we
have
E0k,4(W4z) = (2z)
kE∞k,4(z),(5)
E
−1/2
k,4 (γ−1/2z) = (2z + 1)
kE∞k,4(z).(6)
Furthermore, we have
E0k,4(−1/2 + i tan(θ/2)/2) = ((eiθ − 1)/2)kE∞k,4((eiθ − 1)/4),
E
−1/2
k,4 (i tan(θ/2)/2) = ((e
iθ + 1)/2)kE∞k,4((e
iθ − 1)/4).
Now, recall that E∞k,4(z) = E
∞
k,2(2z), then E
∞
k,4(z) has ⌊k/4⌋−1 zeros in {|z| = 1/4, −1/4 < Re(z) < 0},
and v−1/4+i/4(E∞k,4) = 1 for k ≡ 2 (mod 4). Moreover, by the transformation with W4−,2 for E∞k,2, we
have
E∞k,4((e
iθ − 1)/4) = E∞k,2((eiθ − 1)/2) = eik(pi−θ)E∞k,2((ei(pi−θ) − 1)/2) = eik(pi−θ)E∞k,4((ei(pi−θ) − 1)/4).
For k 6 1000, we can prove that all of the zeros of E∞k,2 lie on the lower arcs of ∂F2 by numerical
calculation, then we have all of the zeros of E∞k,4 in the lower arcs of ∂F4.
10 On the zeros of Eisenstein Series for the normalizers of congruence subgroups
E∞k,4 -
1
2
-
1
4
0 1
4
1
2
1
4
E0k,4 -
1
2
-
1
4
0 1
4
1
2
1
4
E
−1/2
k,4
-
1
2
-
1
4
0 1
4
1
2
1
4
Figure 11. Location of the zeros of the Eisenstein series
Location of the zeros of Hecke type Faber Polynomial. For m 6 200, we can prove that all of the
zeros of Fm,4 lie on the lower arcs of ∂F4 by numerical calculation.
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5. Level 5
We have Γ0(5)+ = Γ
∗
0(5) and Γ0(5)− = Γ0(5). We have W5 =
(
0 −1/√5√
5 0
)
.
5.1. Γ∗0(5). We have Γ
∗
0(5) = 〈( 1 10 1 ) , W5, ( 3 15 2 )〉.
Location of the zeros of the Eisenstein series. In [SJ2], the present author proved that all of the
zeros of Ek,5+ lie on the lower arcs of ∂F5+ if 4 | k, and we prove all but at most one of the zeros of Ek,5+
lie there if 4 ∤ k. Furthermore, let α5 ∈ [0, pi] be the angle which satisfies tanα5 = 2, and let α5,k ∈ [0, pi]
be the angle which satisfies α5,k ≡ k(pi/2 +α5)/2 (mod pi). We prove that all of the zeros of Ek,5+(z) in
F∗(5) are on the lower arcs of ∂F5+ for 4 | k if α5,k < (116/180)pi or (117/180)pi < α5,k.
In addition, for k 6 2500, we can prove that all of the zeros of Ek,5+ lie on the lower arcs of ∂F5+ by
numerical calculation.
-
1
2
-
2
5
0 2
5
1
2
1
5
1
5
1
Figure 12. Location of the zeros of the Eisenstein series
Location of the zeros of Hecke type Faber Polynomial. For m = 1 and 3 6 m 6 200, we can
prove that all of the zeros of Fm,5+ lie on the lower arcs of ∂F5+ by numerical calculation. On the other
hand, by numerical calculation, we can prove that all but one of the zeros of F2,5+ lie on the lower arcs
of ∂F5+, and one of the zeros of F2,5+ lies on ∂F5+ but does not on the lower arcs.
5.2. Γ0(5). We have Γ0(5) = 〈( 1 10 1 ) , ( 1 05 1 ) , ( 3 15 2 )〉 and γ0 = W5.
Location of the zeros of the Eisenstein series. Since W−15 Γ0(5)W5 = Γ0(5), we have
(7) E0k,5(W5z) = (
√
5z)kE∞k,5(z).
Furthermore, we have
E0k,5(−1/2 + i/(2 tan θ/2)) = ((eiθ − 1)/
√
5)kE∞k,5((e
iθ − 1)/5),
E0k,5((e
iθ′ + 2)/3) = ((eiθ − 2)/
√
5)kE∞k,5((e
iθ − 2)/5),
E0k,5((e
i(pi−θ′) − 2)/3) = ((2eiθ − 1)/
√
5)kE∞k,5((e
iθ + 2)/5),
where eiθ
′
= (4− 5 cos θ + 3i sin θ)/(5− 4 cos θ).
E∞k,5 -
1
2
-
2
5
-
1
5
0 1
5
2
5
1
2
1
E0k,5 -
2
3
-
1
2
-
1
3
0 1
3
1
2
2
3
1
Figure 13. Neighborhood of location of the zeros of the Eisenstein series
We can verify whether the zeros lie on ∂F5 if J5 takes real value there. However, J5 does not take real
value, then all we can do is to observe the graphs.
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Lower arcs of ∂F5
-12 -10 -8 -6 -4 -2
-3
-2
-1
1
2
3
Figure 14. Image by J5
Now, we can observe that some zeros of E∞k,5 do not lie on the lower arcs of ∂F5 for small weight k by
numerical calculation, but they seems to lie on ∂F5 except for lower arcs. However, when the weight k
increases, then the location of the zeros seems to approach to lower arcs of ∂F5. (see Figure 15)
Location of the zeros of Hecke type Faber Polynomial. Similarly to the Eisenstein series, we can
observe that some zeros of Fm,5 do not lie on the lower arcs of ∂F5 for small weight m by numerical
calculation. However, when the weight m increases, then the location of the zeros seems to approach to
lower arcs of ∂F5. (see Figure 16)
Level 5 13
-12 -10 -8 -6 -4 -2
-3
-2
-1
1
2
3
The zeros of E∞k,5 for 4 6 k 6 40
-12 -10 -8 -6 -4 -2
-3
-2
-1
1
2
3
The zeros of E∞1000,5
Figure 15. Image by J5
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-12 -10 -8 -6 -4 -2
-3
-2
-1
1
2
3
The zeros of Fm,5 for m 6 40
-12 -10 -8 -6 -4 -2
-3
-2
-1
1
2
3
The zeros of F200,5
Figure 16. Image by J5
Level 6 15
6. Level 6
We have Γ0(6)+, Γ0(6) + 6 = Γ
∗
0(6), Γ0(6) + 3, Γ0(6) + 2, and Γ0(6)− = Γ0(6). We have W6 =(
0 −1/√6√
6 0
)
, W6,2 :=
(
−√2 −1/√2
3
√
2
√
2
)
, and W6,3 :=
(
−√3 −2/√3
2
√
3
√
3
)
.
6.1. Γ0(6)+. We have Γ0(6)+ = 〈( 1 10 1 ) , W6, W6,3〉.
Location of the zeros of the Eisenstein series. For k 6 1000, we can prove that all of the zeros of
Ek,6+ lie on the lower arcs of ∂F6+ by numerical calculation.
-
1
2
-
1
3
0 1
3
1
2
1
3 2
1
6
1
Figure 17. Location of the zeros of the Eisenstein series
Location of the zeros of Hecke type Faber Polynomial. For m 6 200, we can prove that all of the
zeros of Fm,6+ lie on the lower arcs of ∂F6+ by numerical calculation.
6.2. Γ0(6) + 6 = Γ
∗
0(6). We have Γ
∗
0(6) = 〈( 1 10 1 ) , W6, ( 5 212 5 )〉 and γ−1/2 = W6,3
Location of the zeros of the Eisenstein series. Since W−16,3Γ
∗
0(6)W6,3 = Γ
∗
0(6), we have
(8) E
−1/2
k,6+6(W6,3z) = (2
√
3z +
√
3)kE∞k,6+6(z).
Furthermore, we have
E
−1/2
k,6+6(i tan(θ/2)/2) = ((e
iθ + 1)/(2
√
3))kE∞k,6+6((e
iθ − 5)/12),
E
−1/2
k,6+6(e
iθ′/
√
6) = (
√
3eiθ +
√
2)kE∞k,6+6(e
iθ/
√
6),
where eiθ
′
= (−2√6− 5 cos θ + i sin θ)/(5 + 2√6 cos θ).
For k 6 750, we can prove that all of the zeros of E∞k,6+6 lie on the lower arcs of ∂F6+6 by numerical
calculation.
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Figure 18. Location of the zeros of the Eisenstein series
Location of the zeros of Hecke type Faber Polynomial. For every odd integer m 6 200, we can
prove that all of the zeros of Fm,6+6 lie on the lower arcs of ∂F6+6 by numerical calculation. On the
other hand, by numerical calculation, for every even integer m 6 200, we can prove that all but one of
the zeros of Fm,6+6 lie on the lower arcs of ∂F6+6, and one of the zeros of Fm,6+6 lies on ∂F6+6 but does
not on the lower arcs.
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6.3. Γ0(6) + 3. We have Γ0(6) + 3 = 〈( 1 10 1 ) , ( 1 06 1 ) , W6,3〉 and γ0 = W6.
Location of the zeros of the Eisenstein series. Since W−16 (Γ0(6) + 3)W6 = Γ0(6) + 3, we have
(9) E0k,6+3(W6z) = (
√
6z)kE∞k,6+3(z).
Furthermore, we have
E0k,6+3(−1/2 + i/(2 tan(θ/2))) = ((eiθ − 1)/
√
6)kE∞k,6+3((e
iθ − 1)/6),
E0k,6+3(e
iθ′/(2
√
3)− 1/2) = ((
√
3eiθ − 1)/
√
2)kE∞k,6+3(e
iθ/(2
√
3)− 1/2),
where eiθ
′
= (
√
3− 2 cos θ + i sin θ)/(2−√3 cos θ).
For k 6 600, we can prove that all of the zeros of E∞k,6+3 lie on the lower arcs of ∂F6+3 by numerical
calculation.
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Figure 19. Location of the zeros of the Eisenstein series
Location of the zeros of Hecke type Faber Polynomial. For m 6 200, we can prove that all of the
zeros of Fm,6+3 lie on the lower arcs of ∂F6+3 by numerical calculation.
6.4. Γ0(6) + 2. We have Γ0(6) + 2 = 〈( 1 10 1 ) , ( 1 06 1 ) , W6,2〉 and γ0 = W6.
Location of the zeros of Eisenstein series. Since W−16 (Γ0(6) + 2)W6 = Γ0(6) + 2, we have
(10) E0k,6+2(W6z) = (
√
6z)kE∞k,6+2(z).
Furthermore, we have
E0k,6+2(−1/2 + i/(2 tan θ/2)) = ((eiθ − 1)/
√
6)kE∞k,6+2((e
iθ − 1)/6),
E0k,6+2(e
iθ′/
√
2 + 1) = ((eiθ −
√
2)/
√
3)kE∞k,6+2(e
iθ/(3
√
2)− 1/3),
E0k,6+2(e
iθ′′/
√
2− 1) = ((eiθ +
√
2)/
√
3)kE∞k,6+2(e
iθ/(3
√
2) + 1/3),
where eiθ
′
= (3 cos θ− 2√2+ i sin θ)/(2√2− 3 cos θ) and eiθ′′ = (3 cos θ+ 2√2 + i sin θ)/(2√2+ 3 cos θ).
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Figure 20. Neighborhood of location of the zeros of the Eisenstein series
Now, we can observe that the zeros of E∞k,6+2 do not lie on the arcs of ∂F6+2 for small weight k by
numerical calculation. However, when the weight k increases, then the location of the zeros seems to
approach to lower arcs of ∂F6+2. (See Figure 22)
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Location of the zeros of Hecke type Faber Polynomial. We can observe that some zeros of Fm,6+2
do not lie on the lower arcs of ∂F6+2 for small weight m by numerical calculation. However, when the
weight m increases, then the location of the zeros seems to approach to lower arcs of ∂F6+2. (see Figure
23)
6.5. Γ0(6). We have Γ0(6) = 〈−I, ( 1 10 1 ) , ( 1 06 1 ) , ( 5 212 5 )〉, γ−1/2 = W6,3, γ0 = W6, γ−1/2 = W6,3, and
γ−1/3 = W6,2.
Location of the zeros of the Eisenstein series. SinceW−16 Γ0(6)W6 = W
−1
6,3Γ0(6)W6,3 = W
−1
6,2Γ0(6)W6,2 =
Γ0(6), we have
(
√
6z)−kE0k,6(W6z) = (2
√
3z +
√
3)−kE−1/2k,6 (W6,3z) = (3
√
2z +
√
2)−kE−1/3k,6 (W6,2z) = E
∞
k,6(z).
Furthermore, we have
E0k,6(−1/2 + i/(2 tan(θ/2))) = ((eiθ − 1)/
√
6)kE∞k,6((e
iθ − 1)/6),
E0k,6((e
iθ′ − 5)/12) = ((5eiθ − 1)/(2
√
6))kE∞k,6((e
iθ − 5)/12),
E
−1/2
k,6 ((e
iθ′′ − 1)/6) = ((eiθ + 2)/(2
√
3))kE∞k,6((e
iθ − 1)/6),
E
−1/2
k,6 (i tan(θ/2)) = ((e
iθ + 1)/(2
√
3))kE∞k,6((e
iθ − 5)/12),
E
−1/3
k,6 (−1/2 + i tan(θ/2)/6) = ((eiθ + 1)/
√
2)kE∞k,6((e
iθ − 1)/6),
E
−1/3
k,6 (i/(3 tan(θ/2))) = ((e
iθ − 1)/(2
√
2))kE∞k,6((e
iθ − 5)/12),
where eiθ
′
= (5− 13 cos θ + 12i sin θ)/(13− 5 cos θ) and eiθ′′ = (−4− 5 cos θ + 3i sin θ)/(5 + 4 cos θ).
For k 6 500, we can prove that all of the zeros of E∞k,6 lie on the lower arcs of ∂F6 by numerical
calculation.
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Figure 24. Location of the zeros of the Eisenstein series
Location of the zeros of Hecke type Faber Polynomial. For m 6 200, we can prove that all of the
zeros of Fm,6 lie on the lower arcs of ∂F6 by numerical calculation.
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7. Level 7
We have Γ0(7)+ = Γ
∗
0(7) and Γ0(7)− = Γ0(7). We have W7 =
(
0 −1/√7√
7 0
)
.
7.1. Γ∗0(7). We have Γ
∗
0(7) = 〈( 1 10 1 ) , W7, ( 3 17 2 )〉.
Location of the zeros of the Eisenstein series. In [SJ2], the present author proved that all of the
zeros of Ek,7+ lie on the lower arcs of ∂F7+ if 6 | k, and we prove all but at most one of the zeros of
Ek,7+ lie there if 6 ∤ k. Furthermore, let α7 ∈ [0, pi] be the angle which satisfies tanα7 = 5/
√
3, and let
α7,k ∈ [0, pi] be the angle which satisfies α7,k ≡ k(pi/2 + α7)/2 (mod pi). We prove that all of the zeros
of Ek,7+(z) in F
∗(7) are on the lower arcs of ∂F7+ if “α7,k < (127.68/180)pi or (128.68/180)pi < α7,k for
k ≡ 2 (mod 6)” or “α7,k < (108.5/180)pi or (109.5/180)pi < α7,k for k ≡ 4 (mod 6)”.
In addition, for k 6 3000, we can prove that all of the zeros of Ek,7+ lie on the lower arcs of ∂F7+ by
numerical calculation.
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Figure 25. Location of the zeros of the Eisenstein series
Location of the zeros of Hecke type Faber Polynomial. For m = 1 and 3 6 m 6 200, we can
prove that all of the zeros of Fm,7+ lie on the lower arcs of ∂F7+ by numerical calculation. On the other
hand, by numerical calculation, we can prove that all but one of the zeros of F2,7+ lie on the lower arcs
of ∂F7+, and one of the zeros of F2,7+ lies on ∂F7+ but does not on the lower arcs.
7.2. Γ0(7). We have Γ0(7) = 〈( 1 10 1 ) , − ( 1 07 1 ) , ( 4 17 2 )〉 and γ0 = W7.
Location of the zeros of the Eisenstein series. Since W−17 Γ0(7)W7 = Γ0(7), we have
(11) E0k,7(W7z) = (
√
7z)kE∞k,7(z).
Furthermore, we have
E0k,7(−1/2 + i/(2 tan θ/2)) = ((eiθ − 1)/
√
7)kE∞k,7((e
iθ − 1)/7),
E0k,7((e
iθ′ + 2)/3) = ((−2eiθ − 1)/
√
7)kE∞k,7((e
iθ − 3)/7),
E0k,7((e
i(pi−θ′) − 2)/3) = ((eiθ + 2)/
√
7)kE∞k,7((e
iθ + 2)/7),
where eiθ
′
= (−4− 5 cos θ + 3i sin θ)/(5 + 4 cos θ).
E∞k,7 -
1
2
-
3
7
-
2
7
-
1
7
0 1
7
2
7
3
7
1
2
1
E0k,7 -
1
2
-
3
7
-
2
7
-
1
7
0 1
7
2
7
3
7
1
2
1
Figure 26. Neighborhood of location of the zeros of the Eisenstein series
Now, we can observe that some zeros of E∞k,7 do not lie on the lower arcs of ∂F7 for small weight k
by numerical calculation. However, when the weight k increases, then the location of the zeros seems to
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approach to lower arcs of ∂F7. (see Figure 28)
Location of the zeros of Hecke type Faber Polynomial. Similarly to the Eisenstein series, we can
observe that some zeros of Fm,7 do not lie on the lower arcs of ∂F7 for small weight m by numerical
calculation. However, when the weight m increases, then the location of the zeros seems to approach to
lower arcs of ∂F7. (see Figure 29)
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8. Level 8
We have Γ0(8)+ = Γ0(8) + 8 = Γ
∗
0(8) and Γ0(8)− = Γ0(8). We have W8 =
(
0 −1/(2√2)
2
√
2 0
)
,
W8−,2 :=
(−1 −1/2
4 1
)
, and W8−,4 :=
(
−
√
2 −3/(2
√
2)
2
√
2
√
2
)
.
8.1. Γ0(8) + 8 = Γ
∗
0(8). We have Γ
∗
0(8) = 〈( 1 10 1 ) , W8, ( 3 18 3 )〉 and γ−1/2 = W8−,4.
Location of the zeros of the Eisenstein series. Since W−18−,4Γ
∗
0(8)W8−,4 = Γ
∗
0(8), we have
(12) E
−1/2
k,8+8(W8−,4z) = (2
√
2z +
√
2)kE∞k,8+8(z).
Furthermore, we have
E
−1/2
k,8+8(i tan(θ/2)/2) = ((e
iθ + 1)/(2
√
2))kE∞k,8+8((e
iθ − 5)/12),
E
−1/2
k,8+8(e
iθ′/(2
√
2)) = (
√
2eiθ + 1)kE∞k,8+8(e
iθ/(2
√
2)),
where eiθ
′
= (−2√2− 3 cos θ + i sin θ)/(3 + 2√2 cos θ).
For k 6 600, we can prove that all of the zeros of E∞k,8+8 lie on the lower arcs of ∂F8+8 by numerical
calculation.
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Figure 30. Location of the zeros of the Eisenstein series
Location of the zeros of Hecke type Faber Polynomial. For every integer m 6 200 such that
m 6≡ 0 (mod 4), we can prove that all of the zeros of Fm,8+8 lie on the lower arcs of ∂F8+8 by numerical
calculation. On the other hand, by numerical calculation, for every integer m 6 200 such that m ≡ 0
(mod 4), we can prove that all but one of the zeros of Fm,8+8 lie on the lower arcs of ∂F8+8, and one of
the zeros of Fm,8+8 lies on ∂F8+8 but does not on the lower arcs.
8.2. Γ0(8). We have Γ0(8) = 〈−I, ( 1 10 1 ) , ( 1 08 1 ) , ( 3 18 3 )〉, γ0 =W8, γ−1/2 = W8−,4, and γ−1/4 = W8−,2.
Location of the zeros of the Eisenstein series. SinceW−18 Γ0(8)W8 = W
−1
8−,4Γ0(8)W8−,4 = W
−1
8−,2Γ0(8)W8−,2 =
Γ0(8), we have
(
√
8z)−kE0k,8(W8z) = (2
√
2z +
√
2)−kE−1/2k,8 (W8,3z) = (4z + 1)
−kE−1/4k,8 (W8−,2z) = E
∞
k,8(z).
Furthermore, we have
E0k,8(−1/2 + i/(2 tan(θ/2))) = ((eiθ − 1)/(2
√
2))kE∞k,8((e
iθ − 1)/8),
E0k,8((e
iθ′ − 3)/8) = ((3eiθ − 1)/(2
√
2))kE∞k,8((e
iθ − 3)/8),
E
−1/2
k,8 ((e
iθ′′ − 1)/8) = (−(3eiθ + 1)/(2
√
2))kE∞k,8((e
iθ − 1)/8),
E
−1/2
k,8 (i tan(θ/2)/2) = ((e
iθ + 1)/(2
√
2))kE∞k,8((e
iθ − 3)/8),
E
−1/4
k,8 (−1/2 + i tan(θ/2)/2) = ((eiθ + 1)/2)kE∞k,8((eiθ − 1)/8),
E
−1/4
k,8 (i/(2 tan(θ/2))) = ((e
iθ − 1)/4)kE∞k,8((eiθ − 3)/8),
where eiθ
′
= (3− 5 cos θ + 4i sin θ)/(5− 3 cos θ) and eiθ′′ = (−3− 5 cos θ + 4i sin θ)/(5 + 3 cos θ).
Now, recall that E∞k,8(z) = E
∞
k,2(4z). Similarly to Γ0(4), for k 6 1000, we can prove that all of the
zeros of E∞k,2 lie on the lower arcs of ∂F2 by numerical calculation, then we have all of the zeros of E
∞
k,8
in the lower arcs of ∂F8.
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Figure 31. Location of the zeros of the Eisenstein series
Location of the zeros of Hecke type Faber Polynomial. For m 6 200, we can prove that all of the
zeros of Fm,8 lie on the lower arcs of ∂F8 by numerical calculation.
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9. Level 9
We have Γ0(9)+ = Γ0(9) + 9 = Γ
∗
0(9) and Γ0(9)− = Γ0(9). We have W9 =
(
0 −1/3
3 0
)
, W9−,3 :=(−1 −2/3
3 1
)
, and W9−,−3 :=
(
1 −2/3
3 −1
)
.
9.1. Γ0(9) + 9 = Γ
∗
0(9). We define Γ
∗
0(9) = 〈( 1 10 1 ) , W9, ( 5 19 2 )〉 and γ−1/3 =W9−,3.
Location of the zeros of the Eisenstein series. Since W−19−,3Γ
∗
0(9)W9−,3 = Γ
∗
0(9), we have
(13) E
−1/3
k,9+9(W9−,3z) = (3z)
kE∞k,9+9(z).
Furthermore, we have
E
−1/3
k,9+9(−1/2 + i/(6 tan(θ/2))) = (eiθ)kE∞k,9+9(eiθ/3),
E
−1/3
k,9+9(i/(3 tan(θ/2))) = ((e
iθ − 3)/2)kE∞k,9+9((eiθ − 3)/6).
For k 6 600, we can prove that all of the zeros of E∞k,9+9 lie on the lower arcs of ∂F9+9 by numerical
calculation.
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Figure 32. Location of the zeros of the Eisenstein series
Location of the zeros of Hecke type Faber Polynomial. For m 6 200, we can prove that all of the
zeros of Fm,9+9 lie on the lower arcs of ∂F9+9 by numerical calculation.
9.2. Γ0(9). We have Γ0(9) = 〈−I, ( 1 10 1 ) , ( 1 09 1 ) , ( 5 19 2 )〉, γ0 =W9, γ−1/3 = W9−,3, and γ1/3 = W9−,−3.
Location of the zeros of the Eisenstein series. SinceW−19 Γ0(9)W9 = W
−1
9−,3Γ0(9)W9−,3 = W
−1
9−,−3Γ0(9)W9−,−3 =
Γ0(9), we have
(
√
9z)−kE0k,9(W9z) = (3z + 1)
−kE−1/3k,9 (W9−,3z) = (3z − 1)−kE1/3k,9 (W9−,−3z) = E∞k,9(z).
Furthermore, we have
E0k,9(−1/2 + i/(2 tan(θ/2))) = ((eiθ − 1)/3)kE∞k,9((eiθ − 1)/9),
E0k,9((e
iθ′ + 2)/3) = ((−2eiθ + 1)/3)kE∞k,9((eiθ − 4)/9),
E0k,9((e
i(pi−θ′) − 2)/3) = ((eiθ + 2)/3)kE∞k,9((eiθ + 2)/9),
E
−1/3
k,9 (e
i(pi−θ′)/3) = ((eiθ + 2)/3)kE∞k,9((e
iθ − 1)/9),
E
−1/3
k,9 (1/6 + i/(2 tan(θ/2))) = ((e
iθ − 1)/3)kE∞k,9((eiθ − 4)/9),
E
−1/3
k,9 ((e
iθ′ + 1)/3) = ((2eiθ + 1)/3)kE∞k,9((e
iθ + 2)/9),
E
1/3
k,9 (e
iθ′/3) = ((−2eiθ − 1)/3)kE∞k,9((eiθ − 1)/9),
E
1/3
k,9 ((e
i(pi−θ′) − 1)/3) = ((−eiθ − 2)/3)kE∞k,9((eiθ − 4)/9),
E
1/3
k,9 (−1/6 + i/(2 tan(θ/2))) = ((eiθ − 1)/3)kE∞k,9((eiθ + 2)/9),
where eiθ
′
= (−4− 5 cos θ + 3i sin θ)/(5 + 4 cos θ).
Now, recall that E∞k,9(z) = E
∞
k,3(3z). Moreover, by the transformation with
(
1 ±1
0 1
)
for E∞k,3, we have
E∞k,9((e
iθ − 1)/9) = E∞k,3((eiθ − 1)/3) = E∞k,2((ei(pi−θ) − 1± 3)/3) = E∞k,9((ei(pi−θ) − 1± 3)/9).
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Figure 33. Location of the zeros of the Eisenstein series
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Figure 34. Image by J9
For k 6 1000, we can prove that all of the zeros of E∞k,3 lie on the lower arcs of ∂F3 by numerical cal-
culation, then we have all of the zeros of E∞k,9 in the lower arcs of ∂F9. Thus, this case is very interesting.
Though J9 does not take real value on the some arcs of ∂F9, all of the zeros of E
∞
k,9 seems to lie on the
lower arcs.
Location of the zeros of Hecke type Faber Polynomial. For m 6 200, we can prove that all of the
zeros of Fm,9 lie on the lower arcs of ∂F9 by numerical calculation.
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10. Level 10
We have Γ0(10)+, Γ0(10) + 10 = Γ
∗
0(10), Γ0(10) + 5, Γ0(10) + 2, and Γ0(10)− = Γ0(10). We have
W10 =
(
0 −1/√10√
10 0
)
, W10,2 :=
(
−√2 −1/√2
5
√
2 2
√
2
)
, and W10,5 :=
(
−√5 −3/√5
2
√
5
√
5
)
.
10.1. Γ0(10)+. We have Γ0(10)+ = 〈( 1 10 1 ) , W10, W10,5〉.
Location of the zeros of the Eisenstein series. For k 6 800, we can prove that all of the zeros of
Ek,10+ lie on the lower arcs of ∂F10+ by numerical calculation.
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Figure 35. Location of the zeros of the Eisenstein series
Location of the zeros of Hecke type Faber Polynomial. For m 6 200, we can prove that all of the
zeros of Fm,10+ lie on the lower arcs of ∂F10+ by numerical calculation.
10.2. Γ0(10) + 10 = Γ
∗
0(10). We have Γ
∗
0(10) = 〈( 1 10 1 ) , W10,
(−3 −1
10 3
)
, ( 9 420 9 )〉 and γ−1/2 =W10,5.
Location of the zeros of the Eisenstein series. Since W−110,5Γ
∗
0(10)W10,5 = Γ
∗
0(10), we have
(14) E
−1/2
k,10+10(W10,5z) = (2
√
5z +
√
5)kE∞k,10+10(z).
Furthermore, we have
E
−1/2
k,10+10(e
iθ′/(3
√
10)− 1/3) = (−
√
5eiθ −
√
2)kE∞k,10+10(e
iθ/
√
10),
E
−1/2
k,10+10(e
iθ′/
√
10) = (
√
2(eiθ + 1)/3)kE∞k,10+10(e
iθ/(3
√
10)− 1/3),
E
−1/2
k,10+10(i tan(θ/2)/2) = ((e
iθ + 1)/(2
√
5))kE∞k,10+10((e
iθ − 9)/20),
where eiθ
′
= (−2√10− 7 cos θ + 3i sin θ)/(7 + 2√10 cos θ).
For k 6 500, we can prove that all of the zeros of E∞k,10+10 lie on the lower arcs of ∂F10+10 by numerical
calculation.
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Figure 36. Location of the zeros of the Eisenstein series
Location of the zeros of Hecke type Faber Polynomial. For every odd integer m 6 200 but
m = 7, 9, 11, we can prove that all of the zeros of Fm,10+10 lie on the lower arcs of ∂F10+10 by numerical
calculation. On the other hand, by numerical calculation, for m = 7, 9, 11, we can prove that all but two
of the zeros of Fm,10+10 lie on the lower arcs of ∂F10+10, and two of the zeros of Fm,10+10 do not lie on
∂F10+10. For the other cases where m is even and m 6 200, by numerical calculation, we can prove that
all but one of the zeros of Fm,10+10 lie on the lower arcs of ∂F10+10, and one of the zeros of Fm,10+10 lies
on ∂F10+10 but does not on the lower arcs.
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10.3. Γ0(10) + 5. We have Γ0(10) + 5 = 〈( 1 10 1 ) , W10,5, ( 1 010 1 ) ,
(−3 −1
10 3
)〉 and γ0 =W10.
Location of the zeros of the Eisenstein series. Since W−110 (Γ0(10) + 5)W10 = Γ0(10) + 5, we have
(15) E0k,10+5(W10z) = (
√
10z)kE∞k,10+5(z).
Furthermore, we have
E0k,10+5(−1/2 + i/(2 tan(θ/2))) = ((eiθ − 1)/
√
10)kE∞k,10+5((e
iθ − 1)/10),
E0k,10+5(e
iθ′/(2
√
5)− 1/2) = (−(
√
5eiθ − 1)/(2
√
2))kE∞k,10+5(e
iθ/(4
√
5)− 1/4),
E0k,10+5(e
iθ′/(4
√
5)− 1/4) = (−(
√
5eiθ − 1)/
√
2)kE∞k,10+5(e
iθ/(2
√
5)− 1/2),
where eiθ
′
= (2
√
5− 6 cos θ + 4i sin θ)/(6− 2√5 cos θ).
For k 6 450, we can prove that all of the zeros of E∞k,10+5 lie on the lower arcs of ∂F10+5 by numerical
calculation.
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Figure 37. Location of the zeros of the Eisenstein series
Location of the zeros of Hecke type Faber Polynomial. For m 6 200, we can prove that all of the
zeros of Fm,10+5 lie on the lower arcs of ∂F10+5 by numerical calculation.
10.4. Γ0(10) + 2. We have Γ0(10) + 2 = 〈( 1 10 1 ) , W10,2, ( 1 010 1 ) , ( 9 240 9 )〉 and γ0 =W10.
Location of the zeros of Eisenstein series. Since W−110 (Γ0(10) + 2)W10 = Γ0(10) + 2, we have
(16) E0k,10+2(W10z) = (
√
10z)kE∞k,10+2(z).
Furthermore, we have
E0k,10+2(−1/2 + i/(2 tan θ/2)) = ((eiθ − 1)/
√
10)kE∞k,10+2((e
iθ − 1)/10),
E0k,10+2(e
iθ′/
√
2 + 1) = (−(
√
2eiθ + 1)/
√
5)kE∞k,10+2(e
iθ/(5
√
2)− 2/5),
E0k,10+2(e
iθ′′/
√
2− 1) = ((eiθ +
√
2)/
√
5)kE∞k,10+2(e
iθ/(5
√
2) + 1/5),
where eiθ
′
= (−2√2−3 cos θ+ i sin θ)/(3+2√2 cos θ) and eiθ′′ = (−2√2+3 cos θ+ i sin θ)/(3−2√2 cos θ).
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Figure 38. Neighborhood of location of the zeros of the Eisenstein series
Now, we can observe that the zeros of E∞k,10+2 do not lie on the arcs of ∂F10+2 for small weight k by
numerical calculation. However, when the weight k increases, then the location of the zeros seems to
approach to lower arcs of ∂F10+2. (See Figure 40)
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Figure 39. Image by J10+2
Location of the zeros of Hecke type Faber Polynomial. We can observe that some zeros of Fm,10+2
do not lie on the lower arcs of ∂F10+2 for small weight m by numerical calculation. However, when the
weight m increases, then the location of the zeros seems to approach to lower arcs of ∂F10+2. (see Figure
41)
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Figure 40. Image by J10+2
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10.5. Γ0(10). We have Γ0(10) = 〈( 1 10 1 ) , ( 1 010 1 ) ,
(−3 −1
10 3
)
,
(
3 −1
10 −3
)
, ( 9 420 9 )〉, γ0 = W10, γ−1/2 = W10,5,
and γ−1/5 =W10,2.
Location of the zeros of the Eisenstein series. Since W−110 Γ0(10)W10 = W
−1
10,5Γ0(10)W10,5 =
W−110,2Γ0(10)W10,2 = Γ0(10), we have
(
√
10z)−kE0k,10(W10z) = (2
√
5z +
√
5)−kE−1/2k,10 (W10,5z) = (5
√
2z + 2
√
2)−kE−1/5k,10 (W10,2z) = E
∞
k,10(z).
Furthermore, we have
E0k,10(−1/2 + i/(2 tan(θ/2))) = ((eiθ − 1)/
√
10)kE∞k,10((e
iθ − 1)/10),
E0k,10((e
iθ1 + 3)/8) = ((eiθ − 3)/
√
10)kE∞k,10((e
iθ − 3)/10),
E0k,10((e
i(pi−θ1) − 3)/8) = ((3eiθ − 1)/
√
10)kE∞k,10((e
iθ + 3)/10),
E0k,10((e
iθ2 − 9)/20) = ((5eiθ − 1)/(2
√
10))kE∞k,10((e
iθ − 9)/20),
E
−1/2
k,10 ((e
iθ3 − 1)/10) = ((3eiθ + 2)/
√
5)kE∞k,10((e
iθ − 1)/10),
E
−1/2
k,10 ((e
iθ4 − 1)/6) = ((eiθ + 2)/
√
5)kE∞k,10((e
iθ − 3)/10),
E
−1/2
k,10 ((e
i(pi−θ4) − 1)/6) = ((eiθ + 1)/
√
5)kE∞k,10((e
iθ + 3)/10),
E
−1/2
k,10 (i tan(θ/2)/2) = ((e
iθ + 1)/(2
√
5))kE∞k,10((e
iθ − 5)/20),
E
−1/5
k,10 (−1/2 + i tan(θ/2)/10) = ((eiθ + 1)/
√
2)kE∞k,10((e
iθ − 1)/10),
E
−1/5
k,10 (−3/10 + i tan(θ/2)/10) = ((eiθ + 1)/
√
2)kE∞k,10((e
iθ − 3)/10),
E
−1/5
k,10 (3/10 + i tan(θ/2)/10) = ((e
iθ + 1)/
√
2)kE∞k,10((e
iθ + 3)/10),
E
−1/5
k,10 (i tan(θ/2)/5) = ((e
iθ − 1)/(2
√
2))kE∞k,10((e
iθ − 9)/20),
where eiθ1 = (−3 + 5 cos θ + 4i sin θ)/(5 − 3 cos θ), eiθ2 = (21 − 29 cos θ + 20i sin θ)/(29 − 21 cosθ),
eiθ3 = (−12− 13 cos θ + 5i sin θ)/(13 + 12 cosθ), and eiθ4 = (4 + 5 cos θ + 3i sin θ)/(5 + 4 cos θ).
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Figure 42. Location of the zeros of the Eisenstein series
Now, we can observe that the zeros of E∞k,10 do not lie on the arcs of ∂F10 for small weight k by
numerical calculation. However, when the weight k increases, then the location of the zeros seems to
approach to lower arcs of ∂F10. (See Figure 43)
Location of the zeros of Hecke type Faber Polynomial. We can observe that some zeros of Fm,10
do not lie on the lower arcs of ∂F10 for small weight m by numerical calculation. However, when the
weight m increases, then the location of the zeros seems to approach to lower arcs of ∂F10. (see Figure
44)
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11. Level 11
We have Γ0(11)+ = Γ
∗
0(11) and Γ0(11)− = Γ0(11), but Γ0(11) is of genus 1. We have W11 =(
0 −1/√11√
11 0
)
.
11.1. Γ∗0(11). We have Γ
∗
0(11) = 〈( 1 10 1 ) , W11, ( 4 111 3 ) , ( 3 111 4 )〉.
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Figure 45. Neighborhood of location of the zeros of E∞k,11+
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Figure 46. Image by J11+
Location of the zeros of the Eisenstein series. We can observe that the zeros of E∞k,11+ do not lie
on the arcs of ∂F11+ for small weight k by numerical calculation. However, when the weight k increases,
then the location of the zeros seems to approach to lower arcs of ∂F11+. (See Figure 47)
Location of the zeros of Hecke type Faber Polynomial. We can observe that some zeros of Fm,11+
do not lie on the lower arcs of ∂F11+ for small weight m by numerical calculation. However, when the
weight m increases, then the location of the zeros seems to approach to lower arcs of ∂F11+. (see Figure
48)
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12. Level 12
We have Γ0(12)+, Γ0(12) + 12 = Γ
∗
0(12), Γ0(12) + 4, Γ0(12) + 3, and Γ0(12)− = Γ0(12). We have
W12 =
(
0 −1/(2√3)
2
√
3 0
)
, W12,3 :=
(
−√3 −1/√3
4
√
3
√
3
)
, W12,4 :=
(
−2 1/2
6 −2
)
, W12−,2 :=
(−1 0
6 −1
)
, W12+,2 :=(
−1/√2 −1/(2√2)
3
√
2 1/
√
2
)
, W12−,6 :=
(
−√3 −2/√3
2
√
3
√
3
)
, and W12+,6 :=
(
−√6/2 −5/(2√6)√
6
√
6/2
)
.
12.1. Γ0(12)+. We have Γ0(12)+ = T
−1
1/2(Γ0(6) + 3)T1/2 and Γ0(12)+ = 〈( 1 10 1 ) , W12, W12,4〉. Further-
more, we have γ−1/2 =W12+,6.
Location of the zeros of the Eisenstein series. Since W−112+,6(Γ0(12)+)W12+,6 = Γ0(12)+, we have
(17) E
−1/2
k,12+(W12+,6z) = (
√
6z +
√
6/2)kE∞k,12+(z).
Furthermore, we have
E
−1/2
k,12+(e
iθ′/(2
√
3)) = ((
√
3eiθ − 1)/
√
2)kE∞k,12+(e
iθ/(2
√
3)),
E
−1/2
k,12+(i/(2 tan(θ/2))) = ((e
iθ + 1)/
√
6)kE∞k,12+(e
iθ/6− 1/3),
where eiθ
′
= (−√3− 2 cos θ + i sin θ)/(2 +√3 cos θ).
Now, recall that Γ0(12)+ = T
−1
1/2 (Γ0(6)+3)T1/2. Then, for k 6 600, since we can prove that all of the
zeros of E∞k,6+3 lie on the lower arcs of ∂F6+3 by numerical calculation, we have all of the zeros of E
∞
k,12+
in the lower arcs of ∂F12+.
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Figure 49. Location of the zeros of the Eisenstein series
Location of the zeros of Hecke type Faber Polynomial. Similarly to the Eisenstein series, for
m 6 200, since we can prove that all of the zeros of Fm,6+3 lie on the lower arcs of ∂F6+3 by numerical
calculation, we have all of the zeros of Fm,12+ in the lower arcs of ∂F12+.
12.2. Γ0(12)+ 12 = Γ
∗
0(12). We have Γ
∗
0(12) = 〈( 1 10 1 ) , W12, ( 5 212 5 ) , ( 7 224 7 )〉, γ−1/3 =W12,4, and γ−1/2 =
W12−,6.
Location of the zeros of the Eisenstein series. Since W−112,4Γ
∗
0(12)W12,4 = Γ
∗
0(12), we have
(18) E
−1/3
k,12+12(W12,4z) = (6z − 2)kE∞k,12+12(z).
Furthermore, we have
E
−1/3
k,12+12(−1/2 + i/(6 tan(θ/2))) = (−(eiθ − 1)/2)kE∞k,12+12((eiθ − 5)/12),
E
−1/3
k,12+12(i tan(θ/2)/3) = (−(eiθ + 1)/4)kE∞k,12+12((eiθ − 7)/24),
E
−1/3
k,12+12(e
iθ′/(2
√
3)) = (−(
√
3eiθ + 2))kE∞k,12+12(e
iθ/(2
√
3)),
where eiθ
′
= (4
√
3 + 7 cos θ + i sin θ)/(7 + 4
√
3 cos θ). On the other hand, recall that E
−1/2
k,12+12(z) =
2−12−k/2E∞k,12+(z). Moreover, by the transformation with W12,3 for E
−1/2
k,12+, we have
E
−1/2
k,12+12(e
i(pi−θ′)/(2
√
3)) = (2eiθ +
√
3)kE
−1/2
k,12+12(e
iθ/(2
√
3)),
E
−1/2
k,12+12((e
iθ − 7)/24) = (
√
3(1 + i/ tan(θ/2)))kE
−1/2
k,12+12(i/(4 tan(θ/2))).
For k 6 500, we can prove that all of the zeros of E∞k,12+12 lie on the lower arcs of ∂F12+12 by numerical
calculation.
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Figure 50. Location of the zeros of the Eisenstein series
Location of the zeros of Hecke type Faber Polynomial. For every integer m 6 200 such that
m 6≡ 2, 4 (mod 6) but m = 3, 6, 12, 13, 15, we can prove that all of the zeros of Fm,12+12 lie on the
lower arcs of ∂F12+12 by numerical calculation. On the other hand, by numerical calculation, for
m = 3, 6, 12, 13, 15, we can prove that all but two of the zeros of Fm,12+12 lie on the lower arcs of
∂F12+12, and two of the zeros of Fm,12+12 do not lie on ∂F12+12. For the other cases where m is m 6 200
such that m ≡ 2, 4 (mod 6), by numerical calculation, we can prove that all but one of the zeros of
Fm,12+12 lie on the lower arcs of ∂F12+12, and one of the zeros of Fm,12+12 lies on ∂F12+12 but does not
on the lower arcs.
12.3. Γ0(12) + 4. We have Γ0(12) + 4 = T
−1
1/2Γ0(6)T1/2 and Γ0(12) + 4 = 〈−I, ( 1 10 1 ) , W12,4, ( 1 012 1 )〉.
Furthermore, we have γ0 =W12, γ−1/2 = W12+,6, and γ−1/6 =W12+,2.
Location of the zeros of the Eisenstein series. Since W−112 (Γ0(12) + 4)W12 = W
−1
12+,6(Γ0(12) +
4)W12+,6 = W
−1
12+,2(Γ0(12) + 4)W12+,2 = Γ0(12) + 4, we have
(2
√
3z)−kE0k,12+4(W12z) = (
√
6z +
√
6/2)−kE−1/2k,12+4(W12+,6z) = (3
√
2z + 1/
√
2)−kE−1/6k,12+4(W12+,2z) = E
∞
k,12+4(z).
Furthermore, we have
E0k,12+4(−1/2 + i/(2 tan(θ/2))) = ((eiθ − 1)/(2
√
3))kE∞k,12+4((e
iθ − 1)/12),
E0k,12+4(−1/3 + eiθ
′
/6) = (−(2eiθ − 1)/
√
3)kE∞k,12+4(−1/3 + eiθ/6),
E
−1/2
k,12+4((e
iθ′′ − 1)/12) = ((5eiθ + 1)/(2
√
6))kE∞k,12+4((e
iθ − 1)/12),
E
−1/2
k,12+4(i tan(θ/2)/2) = ((e
iθ + 1)/
√
6)kE∞k,12+4(−1/3 + eiθ/6),
E
−1/6
k,12+4(−1/2 + i tan(θ/2)/3) = ((eiθ + 1)/(2
√
2))kE∞k,12+4((e
iθ − 1)/12),
E
−1/6
k,12+4(i/(6 tan(θ/2))) = ((e
iθ − 1)/
√
2)kE∞k,12+4(−1/3 + eiθ/6),
where eiθ
′
= (4− 5 cos θ + 3i sin θ)/(5− 4 cos θ) and eiθ′′ = (−5− 13 cos θ + 12i sin θ)/(13 + 5 cos θ).
Now, recall that Γ0(12) + 4 = T
−1
1/2 Γ0(6) T1/2. Then, for k 6 500, since we can prove that all of the
zeros of E∞k,6 lie on the lower arcs of ∂F6 by numerical calculation, we have all of the zeros of E
∞
k,12+4 in
the lower arcs of ∂F12+4.
Location of the zeros of Hecke type Faber Polynomial. Similarly to the Eisenstein series, for
m 6 200, since we can prove that all of the zeros of Fm,6 lie on the lower arcs of ∂F6 by numerical
calculation, we have all of the zeros of Fm,12+4 in the lower arcs of ∂F12+4.
42 On the zeros of Eisenstein Series for the normalizers of congruence subgroups
E∞k,12+4 -
1
2
-
1
6
0 1
6
1
2 E0k,12+4 -
1
2
-
1
6
0 1
6
1
2
E
−1/2
k,12+4
-
1
2
-
1
6
0 1
6
1
2 E
−1/6
k,12+4
-
1
2
-
1
6
0 1
6
1
2
Figure 51. Location of the zeros of the Eisenstein series
12.4. Γ0(12) + 3. We have Γ0(12) + 3 = 〈( 1 10 1 ) , W12,3, ( 1 012 1 ) , ( 5 212 5 )〉, .γ0 = W12, and γ−1/2 = W12−,6.
Location of the zeros of the Eisenstein series. Since W−112 (Γ0(12) + 3)W12 = W
−1
12−,6(Γ0(12) +
3)W12−,6 = Γ0(12) + 3, we have
(19) (2
√
3z)−kE0k,12+3(W12z) = (2
√
3z +
√
3)−kE−1/2k,12+3(W12−,6z) = E
∞
k,12+3(z).
Furthermore, we have
E0k,12+3(−1/2 + i/(2 tan(θ/2))) = ((eiθ − 1)/(2
√
3))kE∞k,12+3((e
iθ − 1)/12),
E0k,12+3(−1/2 + i/(6 tan(θ/2))) = (−(eiθ − 1)/2)kE∞k,12+3((eiθ − 5)/12),
E0k,12+3(1/2 + e
iθ′/(2
√
3)) = (−(
√
3eiθ + 1)/2)kE∞k,12+3(−1/4 + eiθ/(4
√
3)),
E0k,12+3(−1/2 + ei(pi−θ
′)/(2
√
3)) = ((eiθ +
√
3)/2)kE∞k,12+3(1/4 + e
iθ/(4
√
3)),
E
−1/2
k,12+3(i tan(θ/2)/6) = ((e
iθ + 1)/2)kE∞k,12+3((e
iθ − 1)/12),
E
−1/2
k,12+3(i tan(θ/2)/2) = ((e
iθ + 1)/(2
√
3))kE∞k,12+3((e
iθ − 5)/12),
E
−1/2
k,12+3(e
i(pi−θ′)/(2
√
3)) = ((eiθ +
√
3)/2)kE∞k,12+3(−1/4 + eiθ/(4
√
3)),
E
−1/2
k,12+3(e
iθ′/(2
√
3)) = (−(
√
3eiθ + 1)/2)kE∞k,12+3(1/4 + e
iθ/(4
√
3)),
where eiθ
′
= (−√3− 2 cos θ + i sin θ)/(2 +√3 cos θ).
E∞k,12+3 -
1
2
-
1
4
0 1
4
1
2
1
4 3
E0k,12+3 -
1
2
-
1
4
0 1
4
1
2
1
4 3
E
−1/2
k,12+3
-
1
2
-
1
4
0 1
4
1
2
1
4 3
Figure 52. Location of the zeros of the Eisenstein series
Now, recall that E∞k,12+3(z) = E
∞
k,6+3(2z). For k 6 600, we can prove that all of the zeros of E
∞
k,6+3 lie
on the lower arcs of ∂F6+3 by numerical calculation, then we have all of the zeros of E
∞
k,12+3 in the lower
arcs of ∂F12+3. Similarly to Γ0(9), this case is interesting.
Location of the zeros of Hecke type Faber Polynomial. For m 6 200, we can prove that all of the
zeros of Fm,12+3 lie on the lower arcs of ∂F12+3 by numerical calculation.
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Lower arcs of ∂F12+3
-4 -3 -2 -1
-4
-2
2
4
Figure 53. Image by J12+3
12.5. Γ0(12). We have Γ0(12) = 〈−I, ( 1 10 1 ) , ( 1 012 1 ) , ( 5 212 5 ) , ( 5 124 5 ) , ( 7 224 7 )〉, γ0 = W12, γ−1/3 = W12,4,
γ−1/4 = W12,3, γ−1/2 =W12−,6, and γ−1/6 = W12−,2.
Location of the zeros of the Eisenstein series. Since W−112 (Γ0(12))W12 = W
−1
12,4(Γ0(12))W12,4 =
W−112,3(Γ0(12))W12,3 = Γ0(12), we have
(2
√
3z)−kE0k,12(W12z) = (6z − 2)−kE−1/2k,12 (W6,3z) = (4
√
3z +
√
3)−kE−1/6k,12 (W12,4z) = E
∞
k,12(z).
Furthermore, we have
E0k,12(−1/2 + i/(2 tan(θ/2))) = ((eiθ − 1)/(2
√
3))kE∞k,12((e
iθ − 1)/12),
E0k,12((e
iθ1 − 5)/12) = (−(5eiθ − 1)/(4
√
3))kE∞k,12((e
iθ − 5)/24),
E0k,12((e
iθ2 − 7)/24) = (−(7eiθ − 1)/(4
√
3))kE∞k,12((e
iθ − 7)/24),
E0k,12((e
iθ1 − 5)/24) = (−(5eiθ − 1)/(2
√
3))kE∞k,12((e
iθ − 5)/12),
E
−1/3
k,12 ((e
iθ3 − 5)/24) = (−(3eiθ + 1)/2)kE∞k,12((eiθ − 1)/12),
E
−1/3
k,12 ((e
iθ3 − 1)/12) = ((3eiθ + 1)/4)kE∞k,12((eiθ − 5)/24),
E
−1/3
k,12 (i tan(θ/2)/3) = (−(eiθ + 1)/4)kE∞k,12((eiθ − 7)/24),
E
−1/3
k,12 (−1/2 + i/(6 tan(θ/2))) = (−(eiθ − 1)/2)kE∞k,12((eiθ − 5)/24),
E
−1/4
k,12 ((e
iθ4 − 5)/24) = ((eiθ + 2)/
√
3)kE∞k,12((e
iθ − 1)/12),
E
−1/4
k,12 (−1/2 + i tan(θ/2)/4) = ((eiθ + 1)/(2
√
3))kE∞k,12((e
iθ − 5)/24),
E
−1/4
k,12 (i/(4 tan(θ/2))) = ((e
iθ − 1)/(2
√
3))kE∞k,12((e
iθ − 7)/24),
E
−1/4
k,12 ((e
iθ4
′ − 1)/12) = ((eiθ − 2)/
√
3)kE∞k,12((e
iθ − 5)/12),
E
−1/2
k,12 ((e
iθ1
′ − 7)/24) = ((5eiθ + 1)/(2
√
3))kE∞k,12((e
iθ − 1)/12),
E
−1/2
k,12 ((e
iθ2
′ − 5)/24) = ((7eiθ + 1)/(4
√
3))kE∞k,12((e
iθ − 5)/24),
E
−1/2
k,12 ((e
iθ1
′ − 1)/12) = ((5eiθ + 1)/(4
√
3))kE∞k,12((e
iθ − 7)/24),
E
−1/2
k,12 (i tan(θ/2)/2) = ((e
iθ + 1)/(2
√
3))kE∞k,12((e
iθ − 5)/12),
E
−1/6
k,12 (i tan(θ/2)/6) = (−(eiθ + 1)/2)kE∞k,12((eiθ − 1)/12),
E
−1/6
k,12 (−1/2 + i/(3 tan(θ/2))) = (−(eiθ − 1)/4)kE∞k,12((eiθ − 5)/24),
E
−1/6
k,12 ((e
iθ3
′ − 5)/12) = (−(3eiθ − 1)/4)kE∞k,12((eiθ − 7)/24),
E
−1/6
k,12 ((e
iθ3
′ − 7)/24) = (−(3eiθ − 1)/2)kE∞k,12((eiθ − 5)/12),
where eiθ1 = (5− 13 cos θ+12i sin θ)/(13− 5 cos θ), eiθ1′ = (−5− 13 cos θ+12i sin θ)/(13+5 cos θ), eiθ2 =
(7−25 cosθ+24i sinθ)/(25−7 cosθ), eiθ2′ = (−7−25 cosθ+24i sin θ)/(25+7 cosθ), eiθ3 = (−3−5 cosθ+
44 On the zeros of Eisenstein Series for the normalizers of congruence subgroups
4i sin θ)/(5+3 cos θ), eiθ3
′
= (3− 5 cos θ+4i sin θ)/(5− 3 cos θ), eiθ4 = (4+5 cos θ+3i sin θ)/(5+4 cos θ),
and eiθ4
′
= (−4 + 5 cos θ + 3i sin θ)/(5− 4 cos θ).
Now, recall that E∞k,12(z) = E
∞
k,6(2z). Then, for k 6 500, since we can prove that all of the zeros of
E∞k,6 lie on the lower arcs of ∂F6 by numerical calculation, we have all of the zeros of E
∞
k,12 in the lower
arcs of ∂F12.
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Figure 54. Location of the zeros of the Eisenstein series
Location of the zeros of Hecke type Faber Polynomial. For m 6 200, we can prove that all of the
zeros of Fm,12 lie on the lower arcs of ∂F12 by numerical calculation.
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